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1. INTRODUCTION 
In [I], the author proved the existence of periodic solutions of certain 
systems of periodic differential equations. In the present paper, we continue 
our investigation of periodic systems and extend one of Floquet’s theorems. 
This theorem, applied to a system of complex linear differential equations 
with period 7r, affirms the existence of a nontrivial “Floquet solution” 
x(t) such that x(t + 7r) == Ax(t) for some constant h. The parity of the dimen- 
sion is critical in the existence of real Floquet solutions: one can easily 
construct examples in even-dimensional space where there is no real Floquet 
solution. In odd-dimensional space however, there always is. This is the 
result to be generalized here, for it turns out that it is merely the homogeneity, 
and not the additivity property of linearity, which insures the existence of a 
real Floquet solution. Our techniques do not involve any matrix theory, the 
usual method of proving Floquet’s theorem, but are purely topological- 
specifically, applications of the Poincare-Brouwer and Brouwer fixed point 
theorems. 
By a real periodic system we mean a system of the form 
dxldt = f(t, x) = f(t -t 7r, x), (1) 
where x and f are n-dimensional vectors with components ,yi and fi , and 
f(t, x) is real for real t and x. Throughout the paper, we shall tacitly assume 
that f(t, x) is continuous and satisfies a Lipschitz condition with respect to 
xontheunitspheres: JxI = 1. MO reover, f(t, x) will be at least positive 
homogeneous in x. With no loss in generality, we may then require 12 > 2, for 
when 11 = 1, f(t, X) will be linear in x on each half-axis. As a further con- 
sequence of the homogeneity, together with the Lipschitz condition on S, as 
shown in Lemma 1 below f(t, x) will then satisfy a Lipschitz condition 
evetywhere. Thus (1) satisfies theorems on existence, uniqueness, and con- 
tinuous dependence on initial values. 
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In the following, g(x) is an n-dimensional vector. 
LEMM.4 1. If g(cx) = cg(x) joy any positiw scakr c, and g(x)ELip 
onS:‘x, = 1, then g(x) E Lip for aZZ x. 
PROOF. Let xi z= piui where pi == / xi 1 , whence i u; I = 1. LYithout loss 
in generality, assume p1 ::. pz . Then, with L representing a Lipschitz 
constant on S. we have 
I ?dflUl> - tzhu,)l G I d/m) - &1u,)l J. I dfl%! - d/+4 
= PI! g(u,) - g(u2): -t Pl - Ps ‘I g(u,)l 
d f&l u1 - u2 I + I f1 - h I mwd f&O 
~2 LI x1 - x2 I + (maxs; g(u)))/xl - x2 1, 
the last inequality following from some elementary calculations. 
2. A FLOQUET SOLUTION 
We now apply Lemma 1 to extend Floquet’s theorem to certain nonlinear 
systems. 
THEOREM 1. Suppose that n U odd and that f(t, cx) = cf(t, x) for any 
nonnegative constant scalar c. Then there exists a nontrivial real solution x1(t) of 
(I), and a positive constant A, slrch that xl(t + n) = hxl(t). 
PROOF. Let us associate each point on the unit sphere 9-l with the initial 
value of a solution of (1). The solution after time t 3 0 then defines a con- 
tinuous mapping Tt : x(0) -+ x(t)/\ x(t)\ , which takes 9-l into itself, since 
I x(t)/ f 0 from the uniqueness of the (trivial) solution through the origin. 
AMoreover T, is homotopic to the identity T0 in En - 0. Since n is odd, from 
the extended PoincarC-Brouwer theorem [2, p. 4831, T, has a fixed point; 
i.e., there exists a solution x1(t) such that hxl(0) = x1(x), where A = ! xl(r)/ . 
Now clearly xl(t + rr) and hxl(t) both satisfy (1). Since they are equal at 
t = 0, they are identical. 
It seems strange that the proof of this theorem requires the dimension be 
odd, yet the corresponding result for complex linear systems, i.e., Floquet’s 
theorem, is independent of the parity. It might be hoped therefore that there 
is a Floquet solution in complex 2k-space. However, the PoincarC-Brouwer 
theorem applies in complex space (as in real space) if and only if the dimension 
is odd [3]. 
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3. ATTRACTIVE DOMAINS 
We may remove the restriction on the oddness of n by assuming an attrac- 
tive first quadrant in the two dimensional case and then using the Brouwer 
fixed point theorem (cf. [4], pp. 268 ff.). 
THEOREM 2. Suppose n == 2 and f(t, cx) = cf(t, x) for any real c. If the 
first quadrant is attractive, then there e.z.ist wo linearly independeptt solutions 
xi(t) of (1) together with positive constants Ai such that x”(t + x) = hixi(t). 
REMARKS. By the first quadrant being attractive, we mean that any 
nontrivial solution lying in its closure at t = t, will lie in its interior for all 
t > t, . Such is certainly the case if fi(t, s1 , x&~,+ > 0 when ?cj > 0, i f j. 
Secondly, the theorem is valid if any proper closed convex sector (other than 
a hair’ plane) is attractive. Finally, we need impose only positive homogeneity 
provided both the first and third quadrants are attractive. 
PROOF: Consider the continuous mapping T, which takes x(O), initially 
on S’, into x(7r)/i x(77)1 , where x(t) satisfies (1). Since the first quadrant is 
attractive, T, takes the positive part of S1 into itself. Thus there exists xl(t) 
such that xl(n) = h,xl(O), where ,\r == 1 xr(z~)i f 0. As in the proof of 
Theorem 1, we find that xl(t + n) 5 Q?(t). The third quadrant is also 
mapped into itself. Consequently each portion of S1 between the first and 
third quadrants, e.g., the second quadrant, is mapped continuously into a set 
containing it. The Brouwer theorem thus insures the existence of a fixed point 
there. Thus, as above, there exists x”(t) such that x*(t + x) = hzx2(t) for a 
suitable positive constant /\a . Moreover x”(t) lies in quadrant two and is 
therefore linearly independent of xl(t). 
If f is positive homogeneous, then we can only guarantee the existence of 
one Floquet solution, as in Theorem 1. But this will then occur for any n if 
there exists a proper attractive closed cone. The proof is almost identical to 
the first part of the proof of Theorem 2, with (obvious) modifications intro- 
duced only by the change in dimension. 
THEOREM 3. Suppose that f(t, cx) = cf(t, x) for any c > 0, and the 
positive octant is attractive. Then there is a positive solution x(t) of (1) with 
x(t + 97) = Ax(t) for some positive constant A. 
By a positive solution is meant one whose components are all positive for 
all t. 
COROLLARY. Suppose the f(t, x) of (1) satisfies the hypotheses of Theorem 3, 
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Then the system 
dyi,dt -z.fi(tlyI ,...ry,r-l 9 1) -yffn(t,>‘l ,...,y,L-r T I). 
i = I , 2 )... , II I . (2) 
has a positive periodic solution. 
PROOF. Consider the positive Floquet solution x(t) of (I), whose existence 
follows from Theorem 3. Let yi(t) = xi(t)/.xn(t), i = I,..., n -~ I, whence 
yi(t) > 0. Moreover yj(t + rr) = Ax,(t)/&(t) = vi(t). We are now in the 
unusual position of having a periodic solution, but no differential equation 
yet. But from the homogeneity off, 
ds,:dt -= .v,l f,(t, y1 ,..., ynpl , I ) 
== yi dq,/dt + .I,, dyijdt 
= yAfn(t, y1 ).a., yn-1 7 1) + xn dyi/dtv 
whence (2) follows. 
4. A RELATED RESULT 
Let us now apply Theorem 1 to an autonomous homogeneous system. 
Since (1) is now satisfied for any period, there exists a Floquet solution x, for 
each period W, so that x,(t $ Q) = X,x,(t) for a suitable scalar A, . Suppose 
the projection of the corresponding integral curve onto the unit sphere S is 
a closed curve r, bounding a region D,, C S. For any W’ incommensurate 
with OJ, the mapping T,,,, (see Theorem 1) takes z into itself. Thus there is 
some r,,, in D, . Continuing this argument alternately between w and W’ 
leads one to the belief that there exists an integral curve whose projection is 
a point. Rather than formalize this heuristic argument however, we have a 
simpler proof which applies more generally. 
THEOREM 4. Consider the odd dimensional system 
dxldt = 9th x)f(x) + #(t, x)x, (3) 
where f(cx) = 8(x) for some k and any c > 0, and 4, #, and f are continuous. 
Then there exists a nontrivial solution of the form x(t) = A( for some 
constant a. 
PROOF. Consider the continuous mapping which takes x into f(x). There 
is some vector a on the unit sphere in x-space which is mapped radially, 
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from the PoincarC-Brouwer Theorem. Therefore, f(a) = pa for some p. Now 
let A(t) be a nontrivial solution of the scalar differential equation 
dhjdt = pLh%$(t, ha) + A#(& Aa). 
Then since a is an eigenvector of f, and f(x) is homogeneous, we confirm 
that x = h(t) a is the alleged radial solution of (3). 
The author is grateful to Professor G. Birkhoff for several valuable suggestions 
which considerably simplified the hypotheses. 
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